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SIGNED QUASI-MEASURES

D. J. GRUBB

ABSTRACT. Let X be a compact Hausdorff space and let A denote the subsets
of X which are either open or closed. A quasi-linear functional is a map
p: C(X) — R which is linear on singly generated subalgebras and such that
lp(f)] < M]|f|| for some M < oco. There is a one-to-one correspondence
between the quasi-linear functional on C(X) and the set functions p: A — R
such that i) u(@) = 0, ii) If A,B,AU B € A with A and B disjoint, then
uw(AUB) = u(A)+ p(B), iii) There is an M < oo such that whenever {U, } are
disjoint open sets, Z [u(Ua)| < M, and iv) if U is open and € > 0, there is a
compact K C U such that whenever V C U \ K is open, then |p(V)| < e. The
space of quasi-linear functionals is investigated and quasi-linear maps between
two C(X) spaces are studied.

Let X be a compact Hausdorff space and C(X) the space of real-valued continu-
ous functions on X. A map p : C(X) — R is said to be a quasi-linear functional if p
is linear on singly generated subalgebras and bounded in the sense that there exists
an M < oo such that |p(f)] < M| f|l. for all f € C(X). Let ||p|| be the minimal
such M. If p and 7 are quasi-linear functionals, we define p 47 by pointwise action
on functions. In this fashion, the collection of all quasi-linear functionals becomes
a normed linear space. Call this space QL(X).

Notice that if p is quasi-linear, and fg = 0, then p(f + g) = p(f) + p(g). In
fact, if f and g are also positive, we have that the subalgebra generated by f — g
contains both f and g. In general, we can break f and g into positive and negative
parts to get the result. Also notice that if ¢ is a constant, p(c + f) = p(c) + p(f).
Thus, if f is constant on the support of g, we still have that p(f +g) = p(f) + p(g).

Our goal is to find set functions that produce all quasi-linear functionals on
C(X). We will use an approach inspired by the techniques in [1] where the theory
of positive quasi-linear functionals is presented. We use the notation f < U when
U is open to state that 0 < f <1 and f has support contained in U. We also use
the notation sp f for the image of f.

Let O be the collection of open sets in X and C the collection of closed sets.
Also, let A= OUC. Thus A is the collection of subsets of X which are either open
or closed.

Definition 1. A function y : A — R is called a signed quasi-measure if the fol-
lowing hold:

(i) p(®) =0,
(i) If A, B € A are disjoint with AU B € A, then u(AU B) = p(A) + u(B),
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(iii) There is a constant M < oo such that whenever {U,} is a finite disjoint
collection of open sets, then Z | (Un)] < M,

(iv) If an open set U and € > 0 are given, there exists a closed set K C U such
that if V' is an open set with V' C U \ K, we have |u(V)| < e.

We define ||| to be the minimal M such that (iii) holds.

For future reference, we note that property (ii) above is equivalent to the follow-
ing three statements.

a) If U and V are disjoint open sets, then (U UV) = pu(U) + u(V).

b) If U and V are open with X = U UV, then pu(U) + (V) = w(X) + (U NV).

¢) If U is open, then u(X \ U) = pu(X) — u(U).

This will allow us to define a quasi-measure by its action on only open sets.

Let QM (X) denote the collection of all signed quasi-measures on X. If we define
1+ v by action on sets, we see that QM (X) is a normed linear space. We wish to
show that in a natural way QL(X) and @M (X) are isomorphic as normed linear
spaces, and are, in fact, Banach spaces.

Given a signed quasi-measure u, we may define a new set function || on open
sets by

|u|(U) = Sup{z |@(Uy)| : Up C U are disjoint open sets}.

Then we see that HuH = |p|(X). Ttis 1mp0rtant to note here that |u| need not yield
a quasi-measure. In particular, it is impossible to define |u| on closed sets so that
(ii) holds. An example of this will be seen later. It is clear, however, that (i) and
(iii) hold for |u|. We will see later that (iv) does also.

Proposition 2. We have the following:
a) If {Aq}taca C Ais a collection (possibly infinite) of disjoint subsets of U € O,
then' 3" (40| < (V).
b) If Uy CUs C -+ are open, then ,u(Ufil U;) = lim;— 0o u(U5).
¢) If {Us} is a collection (possibly infinite) of disjoint open sets, then u(|JU,) =

> U,

Proof. Both b) and c) are results of the regularity assumption (iv). For a), notice
that there is a similar outer regularity for closed sets, so if { F}, }2_; are finitely many
closed sets contained in U, and ¢ > 0, we may find disjoint open sets U,, with F,, C
Un CU and |u(Un \ Fo)| < &/N. Then Y |u(F,)] <Y |u(Un)| + & < |ul(U) +&.
For the general case, we may restrict to ﬁnltely many Ag, and approximate by
closed sets using inner regularity for open sets. O

Now, let f € C(X) and « € R, and define f(a) = u(f~*(a, +00)) and f(a) =
p(f e, +00)). Notice that u(f~*(a, 8)) = f(a)— f(8) and p(f~ e, B]) = f(a)—

f(B).
Proposition 3. Let f € C(X). Then

a) f is continuous from the right andf is continuous from the left.
b) fa™) = f(a) and f(a*t) = f(a).

c) f and f agree except at countably many o € R.

a) If f(a) = f(), then f is continuous at c.

e) f is of bounded variation with variation less than ||u|).
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Proof.  a) If o, decreases to a, then

fla) = n(fHa,+0))
= lim g (f " (an, +0))

n—oo

= lim f(an).

n—oo

Thus f is continuous from the right. Since f(a) = u(X) — (—f)¥(—a), f is
continuous from the left.

b) Let ap and € > 0 be given and let U = f~!(ag,+00). Pick K as in iv)
of the definition of quasi-measure. Let 8 be the minimum value of f on
K. Then g < 8. If ap < a < B, we have that f~ (ao, a) CU\K, so

|F(ao) = f(a)| = |u (f_l(ao, a))| <e. Thls shows that f(ag) = f(ao).
c¢) Notice that Z |f(e) = f(a)| = Z l(f~({a})| < ||pl|, by Proposition 2.

Thus the set of a where f ( ) # f(a) is at most countable.
d) This follows from parts a) and b).
e) If {(an, Bn)} is a disjoint collection of intervals, then

S 1 flan) = FBI < D 1F(an) = FBal+ D 1F(B) = F(8n)]
ZLU anaﬂn |+Z|U {ﬁn})”

< lpll

by a) of Proposition 2. Thus f is of bounded variation with variation at most

-
O

Since f is of bounded variation, there is a signed measure py on R such that

pp(e, B) = fle) = f(B7) = fle) = F(B) = u(f~ (o, B)) and [[us]| = |pg|(R) < [[ull.
If O is any open set in R, we may write O as a disjoint union of open intervals to
see that pur(0) = p (f71(0)). It follows that pf is concentrated on sp f.

If fe C(X)and ¢ € C(sp f), we let p* 1y denote the image measure of ;1y under
the map . The following lemma simplifies the proof of Proposition 3.2 of [1].

Lemma 4. We have that jipop = @ pig.

Proof. Let O C R be open. Then

Lo (O) 1 ((po f)~1(0))
1 (f~ (¢710)))
= pus(e~1(0))

(" 15)(0).

|

Now we may define the functional p,(f) = [g% duy where i : R — R is the
function i(z) = x. Since ys is concentrated onsp f, we have [p,(f)| < [g li] d|ps| <
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[4ll1£llus 50 py is bounded with [[p,[| < |p]|. Also

PM(SDOf) = /idﬂc/wf
R

= /id%@*ﬂf
R

= /wduf,
R

so pu(pofHipof) = [ge+v duy = pu(eo f)+pu(iho f). Thus p, is a quasi-linear
functional on C(X).

Theorem 5. The map jt — p, s an isometric isomorphism of the normed linear
space QM (X) onto QL(X).

Proof. Tt is easy to see that this map is linear. We show that it is onto QL(X).

Suppose p is a quasi-linear functional on C(X).

Claim 1: If U is open in X and € > 0, there is a closed K C U such that if
fE€CX), [flu <L supp fCU, and f =0 on K, then |o(f)]| < <.

Suppose no such K exists for some ¢ > 0. Pick f1 € C(X) such that || fi|l. <1,
supp f1 C U, and |p(f1)] > e. Pick |a1| = 1 such that p(a1f1) = [p(f1)| > e.
Now K; = supp fi fails the conditions of the claim, so there is an f € C(X)
supported in U such that ||f2]] < 1, fo = 0 on Ky, and |p(f2)| > €. Pick |az| =1
such that p(azfe) = |p(f2)| > €. Since fo = 0 on the support of fi, we have that
plarfi + asfe) = plarfi) + plaafz) > 2e and ||a1 f1 + a2f2]lw < 1. Continuing by
induction, we may find f,, € C(X) supported in U that vanishes on the support of
arfi1+asfo+ -+ an—1fn—1 and ||fn]| <1, while p(a, fr) = |p(fr)] > €. But then

p(z a;f;) > ne, which violates the boundedness of p for large n.

i=1
Claim 2: For U open, th[l] p(f) exists where the [ are ordered pointwise.

<

We show that this net is a Cauchy net. In fact, let € > 0 and let K C U be the
closed set of Claim 1. Let f be any function such that f =1 on K and f < U. If
f <g,h < U, then pick k with k =1 on supp gUsupp h, and k < U. Then g — k
and h—k vanish on K, so we have that |p(g) — p(h)| < |p(g) — p(k)|+|p(h) — p(k)| =
[p(g = B)| + [p(h — k)| < 2e.

Define pu(U) = }13[1] p(f) for U open in X.

Claim 3: p is a signed quasi-measure on X.

Easily, pf(UUV) = p(U) + u(V) if U and V are disjoint. Also u(@) = 0. Notice
also that u(X) = p(1). We next show property b) after the definition of a signed
quasi-measure.

Suppose that UUV = X. Pick C C U and K C V, closed such that CUK = X.
Pick fo < U, go <V with fo =1 on C, g0 = 1 on K, and such that fy < f <
U implies |p(f) — u(U)| < € and go < g < V implies |p(g) — (V)| < €. Let
ho < UNV with h3 =1 on C N K and such that k3 < h < U NV implies that
lo(h) — w(U NV)| < e. Now, set f = max{fo,ho} and g = max{go,ho}. Then
f=U,g=<V,and fg < UNV,so [p(f) — pU)] <e, |p(g) — u(V)| < e and
lo(fg) —u(UNV)| <e. Also,since f=1onCand g=1on K, and CUK = X,

we have that (1 - f)(1—g)=0,s0 p((1 = f)+ (1 —g)) =p(l - f)+p(l —g) and
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p(f+g) = p(1+ fg). This gives that p(f) + p(g) = p(f + g) = p(1) + p(fg), which
shows that |u(U) 4+ u(V) — w(X) — (U NV)| < 3e.

Now suppose that {U,}Y_; is a finite, disjoint collection of open sets. Let € > 0
be given and choose f,, < U, such that |p(f,) — n(U,)| < €. Now choose |a,| =1

such that [p(f,)| = planfu)- Then | (3" anfu) | < lllls0 Y 11(U)] < llp]+Ne.

Now let € — 0.

Finally, if U an open set and € > 0 are given, choose K C U as in Claim 1, and
argue as in the previous paragraph to show that if {U,,} are disjoint and open with
U, CU\ K, then Z |1(Uy)| < e. In particular, if V C U \ K is open, |u(V)| < e.

Notice that ||u| < |||
Claim 4: We have that p = p,,.

For each f € C(X), the map ¢ — p(¢ o f) is bounded and linear on C(sp f).
Thus, there is a signed measure vy on sp f such that

p(chf)=/R<pde

for all ¢ € C(sp f). Since p(f) = [g i dvy, we need only show that vy = py for
each f € C(X). Notice that both measures are measures on R.

Suppose that O is an open set in R. Pick closed sets C),, C O such that C,, C
int(Cpy1) and O = |JC,,. Choose ¢, < O such that ¢, =1 on C},. Since X is
compact, the sequence ¢, o f is cofinal in the collection of functions g such that

-1
g < f~1(0). Thus

ve(O) = lim [ ¢, dvy

= lim p(pn o f)
= u(f710)
= ps(0)

giving the required equality of measures. Thus ||| < |[pll = llppll < [I1]]-

This shows that the map p — p,, is onto QL(X), and in fact, that any p € QL(X)
is the image of some 1 € QM (X) of the same norm. If we show that our map is
one-to-one, we will be finished.

Assume p, = 0. Then u; = 0 for all f € C(X). Thus f(a) = pp(a, +00) = 0
for all @ € R. If, now, U C X is open and € > 0, pick K C U as in part (iv) of
the definition of a signed quasi-measure. Choose any f € C(X) with K < f < U.
Then

WO < () — p(E)| + 1) — wE) + 7))
= WOV K) i (7 Goroe) VK ) [+175)
< 2e.
Thus p(U) = 0 for all open sets, so u = 0. (]

It should be noted that in Claim 2 we actually showed a stronger form of regu-
larity. If U is open and ¢ > 0, then there is a closed set K C U with |u|(U\ K) < €.
Thus |u| obeys part (iv) of the definition of a quasi-measure.
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There is yet another representation of QL(X) that is sometimes useful. For each
f e C(X), let M(sp f) denote the collection of regular Borel measures on the
compact set sp f with the usual measure norm. Define PM (X) to be

{(Vf) € H M(sp f):vpos = ¢ vy for ¢ € C(sp f) and sup || < oo}.
fec(x)

Define a norm on PM (X) by ||(v¢)|| = sup ||v¢||. Then it is easy to see that PM (X)
is a Banach space since this is true for each M (sp f).

If pu is a signed quasi-measure, then the collection (us) in the definition of p,
is an element of PM(X) with ||(uf)|| < ||¢ll. The induced map from QM (X) to
PM(X) is evidently linear.

On the other hand, if (v;) € PM(X), we may define p(f) = [g i dvy. Then the
argument just before the statement of the theorem shows that p € QL(X) with
lloll < |[(v¢)|l. This, with the last paragraph shows that PM(X) is isometrically
isomorphic to both QM (X) and QL(X).

In particular QM (X) is a Banach space. We can make it an ordered Banach
space by taking the positive cone to be the collection of positive quasi-measures.
The norm on this space is additive on the positive cone, but QM (X) does not have
to be a lattice. Thus, QM (X) need not be an L-space. For example, in [3], Aarnes
finds positive {0, 1}-valued quasi-measures py, po, i3, fia With g1 + pg = pa + pa.
Since {0, 1}-valued quasi-measures are extremal, there will then be no supremum
of {u1, 2}

For future convenience, we define the notation (i, f) = (p,, f) = pu(f)-

Another aspect of the failure of the lattice property is that the set function |u|
need not have an extension to a positive quasi-measure on X. An example of this
is given next.

Example. Let X = [0,1] x [0,1]. In [2] and [6], it is shown how to construct the
so-called three point quasi-measures. This is done as follows. A subset A of X is
said to be solid if both A and X \ A are connected. If C' = {z1, 22,23} is a set with
three elements, we define uc on solid sets by

L,

po(A) = 9.

<
2

0 if card(ANCQC)
1 if card(ANC)

There is then a unique extension of uc to a {0, 1}-valued quasi-measure on X.

Now let 1 =(0,0),z2=(1,0),z3=(1,1), and z4 = (0,1). Let C = {z1, 22,23},
D = {323,234}, and p = pc — pp. If we let Uy = [0,1] x [0,4) and Uy =
[0,1] x (3,1], we see that 2 = [u(U1)| + |u(U2)| < |p|(X) = ||ull < 2. Hence,
|| (X) = 2. We show that |u| cannot be extended to closed sets in such a way that
it is a positive quasi-measure. In particular, (ii) does not hold in the definition of
a quasi-measure.

Assume such an extension exists. Let Vi = [0, 2) x [0,1] and V5 = (£, 1] x [0, 1].
Write K1 = X \ V1 and Ky = X \ V. Since pe(Vi) = pp(Vi) = 0, we see that
lu| (V1) =0 = |p|(ViNVa). Hence |p|(K1) = |p| (K1 UK2) = 2. Since K; and K are
disjoint, we must have that |u|(K3) = 0, in other words that |u|(V2) = 2. However
this is not the case. In fact, |p|(V2) = 0.

To see this we show that if U C V4 is open, then p(U) = 0; that is puc(U) =
wp(U). Using symmetry and the fact that both puc and pp take on only 0 and
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1 as values, we only show that uc(U) = 0 implies pup(U) = 0. Furthermore, by
considering components, it is enough to show this for connected open sets.
Suppose, then, that U is connected and let K be any connected closed subset
of U. Let K be the solid hull of K as a subset of V4 as in [2]. Then K is a solid
closed set in Vs containing K. If uc(K) = 0, then {zs, 23} N K has at most one
element, so pup(K) < pp(K) = 0. On the other hand, if puc(K) = 1, there is some
interior component W of X \ K with puc(W) = 1. This follows since uc(K) = 0.
Since W C K C V5, we have that xo,z3 € W. Since W is solid, we then have that
up(W) =1, so up(K) < pup(X \ W) = 0. Finally, up(U) is the supremum of
up(K) as above, so up(U) = 0. |

It would be nice to know that every signed quasi-measure is the difference of two
positive quasi-measures. However, the failure of the lattice property and the fact
that |u| need not be a quasi-measure brings this into question. At this point the
issue remains open.

We now turn to another topology on QM (X) that is very useful.

Definition 6. The weak-* topology on QM (X) is the weakest topology making
each map p — (u, f) continuous where f ranges over C'(X).

Since each such map is linear and the collection of these maps separates points of
QM (X), we obtain a locally convex topology on QM (X) where a net p,, converges
to p if and only if (., f) converges to (u, f) for every f € C(X). This topology
has been studied on the space of positive quasi-measures in [3].

Proposition 7. Let po be a net in QM (X) and p € QM (X). Let (fra,5) and (py)
be the corresponding elements of PM(X). Then p, converges to u in the weak-*
topology if and only if pa, 5 converges to py in the weak-* topology of M(sp f) for
each f € C(X). Thus, the unit ball in QM (X) is weak-* compact.

Proof. If a5 converges to uy for each f € C(X), then (o, f) = [gi dpta,s

converges to [g i duy = (u, f).
Conversely, if p, converges to u weak-*, then for each ¢ € C(sp f), we have

lim/cpdu%f = lim(ua,po f)
a R o

= (pof)

= / @ dpuy.
R

Thus pq,r converges to py in the weak-* topology.
Since the map py — ¢*py is weak-* continuous, the compactness of the unit
ball of QM (X) follows from the compactness of the unit balls of M(sp f). |

Definition 8. Let X and Y be compact Hausdorff spaces. A quasi-linear map from
C(X) to C(Y) is a map, T, which is linear on each singly generated subalgebra of
C(X) and which is bounded in the sense that there is an M < oo with || T(f)| <
M]||f]|. I, in addition, T is multiplicative on each singly generated subalgebra, we
say that T is a quasi-homomorphism.

For example, let p be a positive quasi-linear functional on X and let Y be any
compact Hausdorff space. Define T, : C(X xY) — C(Y) by T,(f)(y) = p(fY) where
fY(x) = f(x,y). It is noted in [5] that T), is a quasi-linear map. If n: C(Y) - R
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is an additional quasi-linear functional, it is also noted there that the composition
of T,, and 1 need not be quasi-linear.

Proposition 9. There is a one to one correspondence between quasi-linear maps
from C(X) to C(Y) and norm-bounded functions Y — QM (X) which are weak-*
continuous. Specifically, if y — py is a bounded, weak-* continuous map of Y into
QM (X), the corresponding quasi-linear map is T(f)(y) = (tby, f)-

The proof of this is evident. For comparison, there is a similar correspondence
between the quasi-homomorphisms from C(X) to C(Y) and weak-* continuous
functions Y — X* where X* is the collection of {0, 1}-quasi-measures on X. See
[4] for details.

Proposition 10. Let T : C(X) — C(Y) be a quasi-homomorphism and S : C(Y)
— C(Z) be a quasi-linear map. Then the composition SoT : C(X) — C(Z) is a
quasi-linear map. If y — py is the map from Y to X™* corresponding to T', z — v,
the map from Z into QM (Y') corresponding to S, and z — w, the map from Z to
QM (X) corresponding to S oT, then for U open in X,

w,(U)=v.{y €Y : uy,(U) =1}).

Proof. That the composition is quasi-linear is evident.

Let U C X be open and € > 0. Let W = {y : 1, (U) = 1}.

Claim: For each y € W there is a compact K, C U and open set y € V, such
that y' € V,, implies p, (K,) = 1.

Since py(U) = 1, there is a compact K1 C U with p,(K7) = 1. Let f € C(X)
with K7 < f < U. Then (u,, f) = 1, so by weak-* continuity, there is an open set
y € V such that ¢’ € V implies that (u,, f) > % Let Ky = {z: f(z) > %} Since
each (i, is a {0, 1}-quasi-measure, p, (K,) =1 for y’ € V.

In particular, we see that W is open in Y. This also shows that if A C X is
closed then {y : py(A) =1} is closed in Y. Now we can find compact sets K C U
and C C W such that K < f < U implies [{(w,, f) —w.(U)| <eand C < g < W
implies |(v,, g) — v, (W)| < e.

For each y € C, pick V}, and K, as in the claim. Choose finitely many V, to
cover C, say Vi,---,V,. Let K1, -+, K, be the corresponding K.

Set L=KUK;U---UK, and find L < f < U. Recall T(f)(y) = (uy, f) for
yeY. IfyeC osayy eV, 1< py(Kj) < py(L) < (puy, f) < py(U) <1, 50
C < T(f). Also, if F is the support of f, then F = {y : pu,(F) = 1} is closed and
contained in W. If y & E, py(F) =0, so (uy, f) = 0. Thus, the support of T'(f) is
contained in E C W. Hence C < T(f) < W.

Thus, |w,(U) — (w., f)| < € and |v,(W) — (v, T(f))| < e. However, (w,, f) =
SoT(f)(z) = {v.,T(f)). Hence |w,(U) — v,(W)| < 2¢. Now let € go to 0. |

Another interpretation of this result may be obtained by noting that a quasi-
homomorphism 7' : C(X) — C(Y) induces an image transformation ¢ : A(X) —
A(Y') (see [4] for details). In particular, for A € A(X), we have ¢(A) = {y : py(A) =
1}. For v € QM (Y'), we can then define ¢*v € QM (X) by ¢*v(A) = v(¢(A)). The
above proposition then states that w, = ¢*v, for z € Z.

I would like to thank Johan Aarnes and Robert Wheeler for their encouragement
to pursue this paper.
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